The risk-neutral pricing partial differential equation from a stochastic-volatility jump-diffusion model for a European call option is solved approximately using a regular perturbation and Green's function method. The closed-form approximate solution provides the same accuracy as the Heston model in in-sample and out-of-sample tests of S&P500 option pricing, with one to two orders of magnitude less computation time and much ease of numerical convergence.
INTRODUCTION
Empirical studies such as by Bates (1996) and Bakshi, Cao, and Chen (1997) (BCC) have shown that adding stochastic volatility and random jumps provide significant technical improvement over the theoretically acclaimed Black-Scholes and Merton option pricing model in practical applications. A common method to obtain an exact (semi) closed-form solution to the partial differential equation generated from a stochastic-volatility jump-diffusion process (SVJ) is to follow the characteristic function -Fourier inversion option pricing approach pioneered by Stein and Stein (1991) and Heston (1993) . However, BCC have shown that the SV or SVJ model is still not correctly specified, since the parameters implied by the market option prices are not in quantitative agreement with those from time series data, and the volatility smirk is still there.
The parameters of a SVJ model are usually obtained by a calibration process using market data. the reasons are twofold: it is not easy to map a risk natural process from time series data to a risk neutral process from which option prices are derived (the market prices of risks still needs market data to quantify), and the option prices are determined by the expected future stock price distributions while time series data only provide historical distributions. The model calibration of the characteristic function type option pricing formula is still quite time consuming and, if not done optimally, prone to numerical instabilities as discussed by Kahl and Jäckel (2005) , and Lord and Kahl (2007) .
Alternatively, the stochastic volatility diffusion model (SV) is solved by singular perturbation method, see Fouque et. al. (2003) and Khasminskii and Yin (2005) . Nevertheless, in such an approach a closed-form solution for a Poisson equation is yet to be found.
Since SV or SVJ is only an approximate model and its exact solution is not very convenient to use, it is worthwhile to find an approximate yet convenient and accurate option pricing formula from market practitioners' point of view. This is the aim for this paper. Section I describes the approximate solution for an European call option. Section II overview several option pricing models, including ad hoc Black-Schole model, Cumulant matching model, Heston model, BCC model and Heston Nandi GARCH model. Results of a limited comparative empirical study are given in Section III. Section IV concludes the paper. Several integral formulas used in the derivation of the approximate solution are provided in the Appendix.
I. An Approximate Solution To the Pricing PDE Under risk-neutral measure, the underlying stock price, S, is assumed to follow a stochastic volatility jump-diffusion process, and the return variance of the diffusion component, v, is assumed to follow the CIR mean reverting process (BCC, 1997):
where r is the risk-free interest rate;  is the frequency of jumps per year; w S t and w v t are standard Brownian motions for underlying stock price and its diffusion part of return variance, respectively, with covariance Cov dw S , dw v = dt ; J(t) is the percentage jump size with mean  J and standard deviation  J ; dq(t) is a Poisson Jump counter with the probability of jump occurring be  dt ;  , / , and  v are respectively the speed of mean reverting, long-run mean, and variance of the return variance of the diffusion component. q(t) and J(t) are not correlated with each other or with w S t and w v t .
The pricing PDE is obtained by following the dynamic hedging argument of Black-Scholes and the CAPM argument of Merton (1976) regarding jump-diffusion process:
where  is the time to expiration, E [ ] is the expectation operator, and C is the price of a European call option with a strike price K and the boundary condition
To solve the PDE approximately, I intentionally introduce a "constant" parameter to represent the slow moving part of the stock return variance from diffusion process,  v , in order to make the coefficients of the PDE constants, and introduce change of variables
The PDE is transformed to
and the boundary condition now is
where h  x  is the Heaviside step function.
The causal Green's function of Eq. (4) is obtained by using the Fourier transformation technique and carrying out the complex integral by the Residual Theorem as (see Chen (2009) for details)
The difficulty to solve the Eq. (4) lies in its heterogeneity, which can be circumvented by introducing a regular perturbation around the source terms as
and assuming
Although in general an asymptotic series generated with regular perturbation method tends to diverge and it is indeed true in this case after first order perturbation, an empirical studies shown in section III that the first order perturbation already provides a good approximation for option pricing.
The perturbation form is obtained by inserting Eq. (7) into Eq. (6) and matching the terms with the same orders of  :
Zeroth order O0 :
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Or separate C 1 into the SV contribution, C 1v , and the jump contribution, C 1J : and [9b] are solved by employing the Green's function method:
where
and N   is the standard normal cumulative distribution function. The zeroth order approximation takes the form of Black-Scholes formula and treats the jump as distributing dividend with a continuous dividend rate  .
N '   is the standard normal probability density function. Note that in order to simplify the expression of C 1v , the slow moving diffusion part of the return variance has been set to its long term mean, i.e.,  v=   .
In order to solve Eq (9b), further approximation is needed. The expected change in option price due to the jump of the underlying stock prices is expressed as delta, gamma, vega, and vanna contributions of the jump component to the option price:
and  is the return volatility caused by the jump component. If it is assumed that J follows a lognormal distribution, then  and  are given in terms jump parameters by (BCC, 1997)
With all approximations in place, the Eq (9b) is solved as (useful integral formulas are provided in Appendix)
Since  is an arbitrary constant, the original equation Eq. (4) is recovered from Eq (6) by setting =1 . So does the approximate solution to Eq. (4) from Eq. (7).
In summary, Eqs. (10-12) provide an approximate call option price based on the SVJ model of Eqs. (1) and (2).
II. Brief Summary of Several Commonly Used Option Pricing Models 1. Ad hoc Black-Scholes Model (ad hoc BS) Dumas, Fleming, and Whaley (1998) presented an ad hoc procedure to smooth Black-Scholes implied volatilities  imp across strike prices K and times to expiration  :
This simple procedure provides same level of predictive and hedging performance as several other deterministic volatility models, and has been used as a performance baseline to compete with in a few empirical studies.
Cumulant Matching Model (CM)
Jarrow and Rudd (1982) pioneered a path-breaking approach to obtain approximate option valuations. Instead of solving the PDE, they employed the generalized Edgeworth series expansion technique to approximate the unknown stock price distribution with simple distributions such as lognormal distribution. Ki et. al. (2005) worked out a closed-form option pricing approximation that expanded Edgeworth series to the fourth moment using a log-normal distribution and satisfied the martingale restriction as the following:
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Market data are used to find the implied volatility  , skewness  and kurtosis  in the above model.
Modified Heston Model (Heston)
Heston (1993) model is a widely recognized model. It is parsimonious with five parameters yet it provides much more accurate pricing than the Black-Scholes model. However, the Fourier inversion procedure in Heston's original setting fails to converge to a solution quite often. Kahl and Jäckel (2005) proposed a new calculation scheme to make the Heston model numerically stable for practically any levels of parameters. Their formula is
Where P  is the discount factor
F is the forward price
In order to numerically carrier out the integration in Eq. (15), the limits of y(x) at the boundaries of the integral are needed:
Furthermore, the term exp d  tends to explode for certain sets of parameter values. In these cases
an arbitrarily large number can be used to replace it.
BCC Model (BCC SVJ)
Bakshi, Cao, and Chen (1997) expanded Heston's approach to include jump and stochastic interest rate in the model. To simplify the presentation, only the result of the SVJ model is presented here:
Interestingly, adding the jump terms in the characteristic function makes the inverse Fourier transformation much more stable compared to the Heston model.
Heston-Nandi GARCH Option Model (HN)
Heston and Nandi (2000) presented a (semi) closed-form solution to a GARCH potion model with Gaussian innovations. The one-period lag GARCH process they considered in a risk-neutral measure is the following
For the above GARCH process to be meaningful, there are two constrains to the model parameters:
The European call option price is given by
The coefficients A and B are not dependent upon the spot price and strike prices. They only depend on time to expiration. Their values are calculated recursively backwards starting from the time at expiration, T:
In theory the spot return variance v t 1 is predicted by the GARCH process. In practice, however, it is commonly replaced by its expected value ) were selected to test the out-of-sample forecasting using previous day's parameters. These days were selected based on the S&P 500 index daily returns which were -1%, -2%, and -3%, respectively.
The middle point of the bid-ask spreads were taken as the market option prices. Deep out of money options with 0 bid price were excluded. Since the minimum tick is 0.05 for options trading below 3.00 and 0.10 for all other series, there were options having same prices but with different strikes. In these cases, only the calls with the lowest strike prices and the puts with the highest strike prices were retained. The spot index values were corrected by subtracting the present values of the expected future dividends within the contractual periods, which were obtained from the put and call prices and the interest rates with matching time-to-expiration through put-call parity relation. The riskfree interest rates were obtained from the website of Federal Reserve Bank of St. Louis. Option prices that appeared to violate the concave curvature requirement due to different trading times were also omitted in the study.
Only the market call prices were used to fit the option models, since the market put prices had been used to obtain the dividend correction already. In other words, put-call parity ensures that the results and conclusions obtained from tests on call options will apply to put options.
The results of the empirical test are presented in initial values to choose. In the empirical study, the initial values for in-sample fit were chosen by trial and error within a reasonable range. The values of the fitting parameters were those that gave the smallest RMSE, and were used to obtain the out-of-sample forecasting for the consecutive day. After they being used to obtain out-of-sample calculation, the previous day's parameters were also used as the initial values to calibrate the models and the CPU times were recorded. Presented in Table 1 were the CPU times normalized by the time for calibrating the Heston model using the modified procedure.
The test results show that the first order approximation of SV model (Eqs. 10 and 11) is not quite accurate; it only out-performs the ad hoc BS model. However, adding the first order approximation of jump process (Eq. 12) improves accuracy significantly. The approximate SVJ model clearly out-performs the Cumulant Matching model, and only slightly under performs Heston-Nandi GARCH model. But the approximate SVJ model is three orders of magnitude faster than the HestonNandi GARCH model.
The approximate formula can be further improved by adding interest rate term structures. BCC (1997) implied that as long as the correlation between the interest rate process and stock price process or the volatility process can be neglected, adding the interest rate stochastic process only modifies the discount factor in the option model. One could choose whatever bond pricing model to improve the approximate SVJ option model. Here I used a simple descriptive 3-factor model to represent the interest rate term structure,
where a 0 , a 1 , and a 2 are level, slope, and curvature factors, respectively. Adding the three fitting parameters in the approximate SVJ model further improves its accuracy without adding more computation burden thanks to the simple closed-form formula. The empirical test results of the approximate SVJ model with interest rate term structure in Table 1 Table 2 , which show that the approximation is good for in-the-money options and long dated options. As such, in the whole range of moneyness from 0.8 to 1.2 and time-to-expiration from 5 days to 3 years the sum of squared error of the approximated solution is only 14% of that of the Black-Scholes equation.
The values of the parameters fitted from the approximate SV solution (Eqs. 10 and 11) and the approximate SVJ solution (Eqs. 10, 11, 12 and 19) using the above discussed six days' market data are also very reasonable. Unconstrained minimization of RMSE provides negative correlation and mean 
IV. Conclusions
In order to obtain a fast converging closed-form option pricing formula, a rather coarse first order regular perturbation approximation was employed to solve the pricing PDE. The combination of coarse approximation and more realistic SVJ model with interest rate term structures results in a option pricing formula for European options that provides the same accuracy as, but one to two orders of magnitude faster than, the Heston model. A natural extension in future work is to use the same first order regular perturbation and Green's function approach to solve the early excise premium for American put options. 
